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Abstract

Producing novel hypotheses and arguments re-
quires understanding not just what is known,
but how ideas have developed from one an-
other. Existing representations such as knowl-
edge graphs capture factual relations or doc-
ument citations, but neither encodes how one
idea generalizes, refutes, or reformulates an-
other. We introduce the Conceptual Evolution
Graph (CEG): a graph whose nodes are ideas
and whose typed directed edges describe how
each idea builds upon prior ones. We construct
CEGs using an LLM-based pipeline with two
operations: reduce, which maps each idea to
a canonical form, and compare, which draws
typed edges between pairs of ideas. We instan-
tiate CEGs on mathematics literature, where
ideas are theorems, constructing graphs over
1,213 arXiv papers to model how ideas evolve
within mathematical subfields. We then eval-
uate CEGs on conjecture generation. Across
open and closed frontier models, LLM judges
match CEG-augmented conjectures to actual
published follow-up work at nearly twice the
rate of zero-shot prompting (13.8% vs. 8.0%)
and substantially more than a citation-graph
baseline (9.5%). In a case study, expert math-
ematicians rated CEG-augmented conjectures
as more interesting future directions than base-
lines (2.5 vs. 1.7 on a 1-5 scale). Our work
suggests that representing how ideas evolve,
not merely which papers cite which, better sup-
ports knowledge-extending tasks.

1 Introduction

Structured representations of knowledge have long
played a central role in NLP, both as a source of
factual grounding and as a scaffold that makes a
model’s reasoning steps more interpretable (Luo
et al., 2023; Yasunaga et al., 2021; Feng et al.,
2020; Yang and Mitchell, 2017; Singhal, 2012).
More recently, LLMs have been applied to a qual-
itatively different class of tasks, which we refer

Daniel Krashen
University of Pennsylvania
dkrashen@math.upenn.edu

Lyle Ungar
University of Pennsylvania
ungar@cis.upenn.edu

5
Eor 2x2 matrices,
a small set

5
quickly generates

/ the whole group.
\ gener%lizes
AR

I

{0

/
\

E\ gener"alizes
= For any almost-

8

Figure 1: A citation graph (left) versus a Conceptual
Evolution Graph (right). While a citation graph shows
which papers cite which, a CEG tracks how ideas evolve
and build upon others. In this example, a result about
2 x 2 matrices is generalized first to n X n matrices and
then to a broader class of groups.

to as knowledge-extending tasks. A knowledge-
extending task is one in which a model produces
candidate new knowledge, such as claims, ideas, or
artifacts not present in an existing knowledge space,
by drawing on and reasoning over that space. Rep-
resentative examples include idea generation, scien-
tific hypothesis formation, and legislative drafting
(Wang et al., 2023; Kumar et al., 2024; Li et al.,
2024; Hill et al., 2024). New knowledge in these
tasks is produced by deeply understanding what
is already known and building upon it to produce
something new. We argue that supporting such
tasks calls for a structured representation of a kind
that current ones do not provide: one that encodes
not what is known but how it develops, through
typed, evolutionary relations between ideas.

Towards this, we introduce the Conceptual Evo-
lution Graph (CEG), a structured knowledge rep-
resentation in which nodes are ideas and edges are
typed evolutionary relations describing how one
idea develops from another. We propose an LLM-



based pipeline for constructing CEGs over an ex-
isting body of knowledge, organized around two
operations: (i) reduce, which maps every idea to a
shared canonical form, standardizing how each idea
is represented so they can be compared directly;
and (ii) compare, which takes pairs of ideas and
assigns typed edges that name how one idea draws
from another. The canonical form and schema for
assigning typed edges can be changed based on ap-
plication domain, but the reduce-compare pipeline
can be generally applied to construct CEGs (see
Section 3.1). Constructing CEGs at this granularity
is enabled by LLMs: reading every source docu-
ment closely enough to extract its central claim and
dependencies, and making fine-grained semantic
judgments about how pairs of claims relate, is in-
feasible for human annotators at the scale of an
academic subfield, and is beyond what earlier ex-
traction systems could reliably produce. CEGs are
thus a structured knowledge representation that is
possible because LLMs can perform fine-grained
semantic judgments over technical text at scale.

We construct CEGs on academic literature in
subfields of mathematics (see Section 3.2). Here,
each conceptual idea is a theorem, the canonical
form is the dependency graph of the theorem and its
supporting lemmas and definitions, and the edges
encode how a theorem builds upon others. Con-
structing CEGs over 1,213 arXiv papers across sub-
fields in mathematics yields a graph that itself ad-
mits interesting analysis: we use it to characterize
the influence of individual ideas, to trace how lines
of work evolve over time, and to identify which
evolutionary moves are most prevalent in the field
(Section 3.3).

We then evaluate whether CEGs are useful for
knowledge-extending tasks. We focus on auto-
mated mathematical discovery, an active area of
research (Dong and Ma, 2025; Poesia et al., 2024).
We hypothesize that this is the kind of task a CEG
can support, since fruitful conjectures tend to ex-
tend prior work along the same evolutionary modes
the CEG discretizes. Concretely, given a starting
theorem we ask a model to produce a conjecture
that plausibly follows from it, varying the struc-
tured representation provided in context. Across
both open and closed frontier models (GPT-5.4,
Gemini 2.5 Pro, DeepSeek-V3.2, and Claude Opus
4.7), conjectures produced with CEG-augmented
prompts are judged by an LLLM to be more sim-
ilar to the actual published follow-up work than
those produced with baselines and ablations (aver-

aged across models: 13.8% for CEG vs. 9.5% for a
citation-graph baseline, 9.1% for a reduce-only ab-
lation, 8.4% for a compare-only ablation, and 8.0%
for zero-shot prompting). In a case study, expert
mathematicians evaluated conjectures generated
from their own papers and judged CEG-augmented
conjectures to be more interesting future directions
of the work than baselines (mean 2.5 vs. 1.7 on a
1-5 scale). These results suggest that structured
representations of how conceptual ideas evolve can
support knowledge-extending tasks.
In sum, we:

* identify conceptual evolution—the typed,
claim-level evolutionary relations by which
one idea develops from another—as a prop-
erty of structured knowledge representations
that is salient for knowledge-extension, the
task of producing candidate new knowledge
that builds upon existing knowledge;

* introduce the Conceptual Evolution Graph
(CEG) and a reduce—compare pipeline for
constructing CEGs from an existing body of
knowledge, enabled by LLMs’ ability to read
and compare technical content at a scale be-
yond what human annotation or earlier extrac-
tion methods support, which we instantiate on
subfields of mathematics literature;

* demonstrate the utility of CEGs on the
knowledge-extending task of mathemati-
cal conjecture generation: CEG-augmented
LLMs produce conjectures that more closely
match actual published follow-up work, and
that expert mathematicians judge to be more
interesting directions of future work, than
citation-graph and ablation baselines.

2 Related work

This section situates our work within two relevant
areas: structured knowledge representations that
CEGs complement, and the knowledge-extending
tasks that CEGs are designed to support.

2.1 Structured knowledge representations

There are many ways to structure knowledge for
NLP tasks. Closest to our work are two: knowl-
edge graphs and document graphs. A knowledge
graph (KG) models knowledge as a triple (h, 7, t),
consisting of a head entity, a typed relation, and a
tail entity, drawn from a fixed schema (Hogan et al.,



2021). KGs have been used for tasks that require re-
trieving and reasoning over existing facts, including
question answering (Pan et al., 2023; Peng et al.,
2023; Saxena et al., 2020), multi-hop reasoning
(Feng et al., 2020; Luo et al., 2023), and hallucina-
tion detection (Sansford et al., 2024; Chen, 2023;
Fang et al., 2024). Temporal KGs extend this rep-
resentation with timestamps or validity intervals,
encoding when a fact holds (Li et al., 2021; Sax-
ena et al., 2021; Cai et al., 2022; Zhu et al., 2020).
Work in this line, including methods that model the
temporal evolution of TKGs (Li et al., 2021; Zhu
et al., 2020), captures how the truth of a relation
between fixed entities changes over time. Docu-
ment graphs structure knowledge at the level of
documents rather than individual facts: nodes are
documents, and edges link documents that refer-
ence one another through citations or hyperlinks.
In a document graph over academic papers, for
instance, a directed edge from paper A to paper
B indicates that A cites B. Prior work uses such
networks for related-work recommendation (Co-
han et al., 2020), scientific search at corpus scale
(Ammar et al., 2018), and document embeddings
(Ostendorff et al., 2022).

There has been some work that augments or
prunes document graphs: scientific influence
graphs quantify that one work shaped another, typi-
cally as a weighted or directed link, but leave the na-
ture of that influence unnamed (Wang et al., 2013;
Dong et al., 2015). Citation-intent analysis classi-
fies the function a citation serves (Valenzuela et al.,
2015a), but operates at the level of paper pairs and
labels, encoding why one paper invokes another,
not how a particular claim in a paper was used or
transformed.

Each of these representations encodes a different
aspect of knowledge: KGs factual relations, tempo-
ral KGs when those facts hold, document graphs
references between documents, citation-intent anal-
ysis the function of a citation, influence graphs the
existence of influence, and claim extraction the
claims themselves. What none provides is the con-
junction CEGs are built around: typed relations,
defined over individual ideas, that name how one
idea develops from others. A KG can record that
theorem A was proved by mathematician M but
not that A strengthens an earlier theorem B; a cita-
tion graph can record that paper X cites paper Y,
and citation-intent analysis can determine why, but
neither says whether the result in X generalizes,
specializes, or refutes a claim in Y. Because CEGs

operate at the level of claims within documents,
with typed evolutionary edges between them, they
encode how knowledge develops.

2.2 Knowledge-extending tasks

We detail what we mean by knowledge-extending
tasks in two parts: knowledge, the body of ideas
a model reasons over, and extending, the act of
producing something new from it. By knowledge
we mean conceptual content like theorems, scien-
tific theories, or legal arguments. Unlike an entity,
which is a discrete thing the world contains, a piece
of knowledge is not self-contained: its meaning
depends on prior ideas and on the larger concep-
tual framework it sits within. By extending we
mean producing new content that builds on this ex-
isting knowledge in ways that go beyond retrieval
and inference, generated instead by reasoning over
the structure of what is already known. Tasks in
this vein include scientific hypothesis generation
(Wang et al., 2023), research idea generation (Si
et al., 2025; Jansen, 2026), drug discovery (Maus
et al., 2026), and mathematical conjecture genera-
tion (Dong and Ma, 2025). Knowledge-extending
tasks sit at the intersection of these two: they re-
quire both a deep understanding of an existing body
of ideas and the generation of something new from
it. CEGs uniquely support such tasks because they
standardize how each idea is represented and en-
code the evolutionary relationships through which
one idea builds on another.

3 Methods

We now describe how to construct a CEG. We first
present the framework in general terms, then de-
scribe concrete instantiations that illustrate how the
framework’s open choices, the canonical form and
the edge schema, are made in practice.

The starting point is an existing, connected body
of knowledge (such as a citation graph over aca-
demic papers) in which concepts are related but the
relations do not themselves expose how concep-
tual ideas evolve. Our goal is twofold: (i) reduce
each source of knowledge to a uniform representa-
tion that isolates what is evolving, and (ii) compare
these representations to identify, and typify, the
ways in which one entity has evolved into another.
Section 3.1 details the framework; Section 3.2 then
describes how we instantiate it in the setting of
algebraic geometry literature.



3.1 How to build a Conceptual Evolution
Graph (CEG)

The goal of a CEG is to make the evolution of
conceptual ideas explicit. We construct one with
two operations. The “reduce” operation maps
each source document to a canonical form that
discretizes the structure of its central claim, so that
claims from different sources of knowledge can all
be represented in a uniform way. The “compare”
operation then takes pairs of reduced concepts in
chronological order and draws a typed edge when-
ever one entity constitutes an evolution of the other
one (for example, by strengthening, disproving, or
reformulating the earlier claim). Both stages are
domain-agnostic; what specializes the pipeline to a
domain is the choice of canonical form (in Reduce)
and the schema for drawing edges (in Compare).
We illustrate each stage on the example in the right
side of Figure 1: a lineage in which a result about
2 x 2 matrices (showing that a small generating set
quickly produces the whole group) is generalized
to n X n matrices, and later generalized again to a
much broader class of algebraic groups. See Fig-
ure 2 for the full pipeline working on this example.

Reduce. The reduce stage maps each source doc-
ument to a structured representation of its central
claim and the dependencies that support it. A
shared canonical form is what makes comparison
possible: two ideas formulated decades apart, in
different notational conventions, are otherwise hard
to relate, but if represented in the same standard-
ized form can be compared directly. We prompt an
LLM (gpt-5.1, temperature = 0.0) to extract (i)
the document’s central claim, (ii) the salient sup-
porting concepts that the claim depends on, and
(ii1) the dependency relations among them. More
details in A.6.

In our mathematics instantiation, the central
claim is the paper’s main theorem, the supporting
concepts are its helper lemmas and definitions, and
the canonical form is a dependency graph rooted
at the main theorem (see the “reduce” section in
Figure 2). Applied to our running example, Helf-
gott (2008) on growth in S Ly (Z/pZ), the extracted
central claim is that every subset A of SLo(Z/pZ)
either grows rapidly under the group operation or
is contained in a proper subgroup. The theorem es-
sentially states that if you take any small set of such
matrices A and start multiplying its elements to-
gether (allowing inverses), one of two things must
happen: either the products you generate quickly

fill out the entire group, or your starting set was
already trapped inside a smaller substructure.

Compare. The compare stage draws typed edges
between concepts that describe how one concept
evolves into another. Edges are drawn from a
concept that meaningfully supports another one,
and each edge type names a specific mode of evo-
lution; together they enable tracking the trajec-
tory of an idea across a body of knowledge. A
naive all-pairs comparison is quadratic in the num-
ber of concepts and prohibitively expensive at our
scale, so we restrict comparisons to likely-related
pairs using a two-step retrieval-then-compare pro-
cedure. We first embed every concept (with Ope-
nAl’s text-embedding-3-small (1,536 dimen-
sions)), using the concatenation of the entity’s
name, formal statement, assumptions, and proof
approach. For each entity, we then retrieve all near-
est neighbors above a minimum cosine similarity
threshold of 7 = 0.7. For each of these pairs we
prompt an LLM (gpt-5.1, temperature = 0) to
judge whether one concept is an evolution of the
other, and if so to assign a typed edge from our
domain-specific schema. More details in A.7. On
our running example, the LLM is presented with
the reduced form of Helfgott (2008) (above) and
the reduced form of a candidate successor, Breuil-
lard et al. (2011), whose central claim is that the
same polylogarithmic-diameter bound holds for
SL,(Z/pZ) for any n, not only n = 2. This is
a GENERALIZATION: the conclusion of the pre-
decessor (a small generating set covers the group
in O((log p)©) steps) is preserved, while the class
of groups to which it applies is broadened. The
resulting edge is added to the CEG (see “compare”
in Figure 2).

Reducing over every source document and com-
paring over pairs with high-similarity yields a CEG:
a directed graph in which paths encode the evo-
lution of conceptual ideas through a knowledge
space.

3.2 Building a CEG over algebraic geometry
literature

We instantiate the CEG framework of Section 3.1
on academic mathematics literature in subfields
of algebraic geometry. We chose this domain as
a first application because it offers a particularly
clean instantiation of our framework: each paper
centers on a theorem, and the ways one theorem
can draw upon another (such as generalizing to
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Figure 2: The two-stage CEG construction pipeline. In Reduce (left), an LLM extracts each source document’s
central theorem and its supporting lemmas, which are then embedded. In Compare (right), we restrict candidate
pairs by embedding similarity, then prompt an LLM to judge whether one theorem is an evolution of the other and

assign a typed edge (here, generalizes).

new settings or weakening assumptions) result in
a small, well-characterized set drawn from prior
literature on how mathematics develops (Isaacson,
1978; Pdlya, 1990; Kitcher, 1984; Thurston, 2006;
Corfield, 2003). In this case, source documents
are academic papers, already linked by their ref-
erences into a citation graph. We use this graph
to collect a set of sources on which to create a
CEG. Constructing a CEG in this domain takes
three steps: collect a set of source papers, reduce
each to produce a dependency graph representing
the central theorem and the auxiliary lemmas it
uses, and compare across pairs of similar ideas.
Reduce and Compare follow Section 3.1; what is
specific to this setting is the collection step, since
the gamut of algebraic-geometry papers is far too
large to process exhaustively.

Two collection strategies. We crawl the citation

graph in two directions:

* Forward (from a seminal paper outward).
Start from an older, influential paper and fol-
low its incoming citations to see how the ideas
it introduced were used in later ideas over
time.

» Reverse (from recent papers backward). Start
from a set of recent papers and follow their
outgoing references to see which older ideas

they build on.

Both strategies produce a source set on which
the same Reduce and Compare pipeline is then run,
though they differ in entry point and conceptual
direction of the crawl. We analyze the resulting sets
separately because each crawl yielded its own self-
contained graph, with no substantive evolutionary
edges spanning across sets.

Forward collection. In consultation with a do-
main expert, we identified a seminal paper whose
contribution has been actively developed since
publication: Bridgeland (2007), which introduces
Bridgeland stability conditions and has been cited
~1,211 times as of writing. Informally, a stability
condition is a rule for deciding which mathematical
objects in a given category count as “stable” versus
“unstable”. Bridgeland’s contribution was to define
such a rule abstractly enough that it applies to a
wide range of settings in algebraic geometry, open-
ing the door to many follow-up works. Starting
from this seed paper, we use the Semantic Scholar
Academic Graph API (Kinney et al., 2023) to re-
trieve every paper that cites it. For each candidate,
we prompt an LLM (GPT-5.1) with the seed pa-
per and the candidate’s abstract and ask whether
the two are related (prompt in A.8); papers judged
related are added to the source set, and this was
applied recursively to their own citing papers. To



keep the crawl tractable we cap it at depth 4 or
500 retained papers, whichever comes first. The
resulting set contains 500 papers.

Reverse collection. For the reverse direction, we
seed from two existing benchmarks of recent arXiv
mathematics papers designed for automated scien-
tific discovery tasks: OPENCONJECTURE (Brown,
2026), a dataset of open conjectures extracted
from recent arXiv math papers, and ARXIVMATH
(Dekoninck et al., 2026), a final-answer bench-
mark of research problems sourced from recent
arXiv papers. We randomly sample 103 seeds
from ARXIVMATH and 50 from OPENCONJEC-
TURE, and use the Semantic Scholar API to re-
trieve the references each seed paper makes. We
apply the same LLM-based topical-relatedness fil-
ter as in the forward setting, and recurse along
references with the same cap of 4 depth or 500 re-
tained papers per seed. The resulting sets contain
427 papers (OPENCONJECTURE) and 286 papers
(ARXIVMATH). See A.9 for more details on our
instantiation.

3.3 Insights from CEGs

Here, we detail what CEGs reveal about the pro-
gression of the ideas in the field we instantiated
them in. We provide some evidence that a CEG
exposes conceptual structures that go beyond what
citation graphs do. We use the three CEGs con-
structed in Section 3.2 to characterize how ideas
evolved in our datasets, both at a higher-level, and
at the level of individual chains of evolving theo-
rems.

3.3.1 The distribution of evolution types

The CEGs tell us how conceptual ideas evolve
in a given field. Table 1 shows the distri-
bution of edge types in the CEGs constructed.
Across all three sets, DIRECT_INVOCATION is
the most common cross-paper relation, indicating
that most mathematical dependence consists of ap-
plying an existing theorem as a step in proving
a new one. Perhaps more interestingly, the dis-
tributions differ across sets. The BRIDGELAND
CEG contains more DOMAIN_EXTENSION and
PROOF_TECHNIQUE_TRANSPLANT edges (22.8%
and 13.2% respectively, together accounting for
36.0% of all edges). This elucidates the effects
of this seminal paper: Bridgeland’s stability con-
ditions were introduced as a definition that subse-
quent work has applied to new triangulated cat-
egories, so most descendant work extends the

definition’s scope rather than modifying its state-
ment. The ARXIVMATH CEG, in contrast, con-
tains more edges that modify theorem statements
directly: SPECIALIZATION (11.1%), GENERAL-
IZATION (4.0%), REFORMULATION (3.3%), and
CONCLUSION_STRENGTHENING (2.9%) together
capture how recent results sharpen or restate prior
ones rather than applying them in new domains.
Across all three CEGs, evolution branches
broadly from a small number of foundational re-
sults rather than chaining deeply. Chains are
short — median per-seed length is 1-2 edges in
the Bridgeland and ARXIVMATH CEGs, and the
longest in either spans 9 edges across 10 papers.
Branching, by contrast, is wide at the top: Bridge-
land’s 2002 paper alone roots 29 immediate succes-
sors, but few of those successors themselves root
further chains. OPENCONJECTURE is an excep-
tion, with both shallow chains (max 2 edges) and
minimal branching (average out-degree 0.08): its
seeds are recent papers, so little follow-up work
has been published yet for the CEG to capture.

3.3.2 Citation vs CEG influence

Citation count has often been used as a proxy for a
paper’s influence (Tahamtan and Bornmann, 2019;
Bertoglio et al., 2021; Raman et al., 2022), but it
does not distinguish between reasons for citations
(for example, a meaningful extension of work ver-
sus an acknowledgment in a background section).
Refinements such as Semantic Scholar’s “highly
influential citations” (Valenzuela et al., 2015b)
flag substantive citations, but still operate at the
document-citation level and provide only a binary
distinction. Because CEG edges connect ideas
judged to be in specific evolutionary relationships,
a paper’s CEG in-degree measures a more targeted
notion of influence: how often its central idea has
actually been built on or substantively used, and
through which mode of evolution. Across all CEGs,
the two rankings diverge substantially. The top-10
papers by citation count and the top-10 by CEG
in-degree overlap on only 15% of papers on aver-
age (mean Spearman p = 0.15), indicating that
CEG in-degree captures a notion of influence that
citation count alone does not.

We can also ask which papers are most influen-
tial under each kind of evolution: which papers get
generalized the most, which papers get applied in
new domains the most, and so on for each of the
13 edge types in our CEGs. The answers barely
overlap. The most-extended paper is one that does



not lead any other edge type. Different kinds of
influence are largely led by different papers. In
other words, “influence” in our corpora is not one
ranking but many, and they are nearly independent
of each other (mean Spearman p = (.12 between
edge-type rankings). A citation count gives one
ranking and surfaces a handful of papers at the top;
the CEG gives one ranking per kind of evolution.

4 Experiments

We now evaluate whether CEGs improve LLM
performance on a knowledge-extending task. We
focus on automated mathematical discovery, a task
of growing interest in the Al-for-math community
(Dong and Ma, 2025; Poesia et al., 2024). Much
of this community has concentrated on proving ex-
isting conjectures, often via formalization (Yang
et al., 2023; OpenAl, 2026; Norman and Avigad,
2025); the harder (and less-studied) problem is
deciding what to prove. A mathematician we con-
sulted estimated that learning to identify fruitful
problems takes roughly four years, a skill that is
largely tacit and acquired through deep understand-
ing of the literature. We hypothesize that this is
exactly the kind of task a CEG can support, since
fruitful conjectures tend to extend prior work along
the same evolutionary modes the CEG discretizes.

4.1 Setup

Task. We draw a test set of 50 predecessor theo-
rems from the three CEGs constructed in Section
3.2 (randomly sampled 35 from Bridgeland, 10
from OPENCONJECTURE, 5 from ARXIVMATH).
For each predecessor, the model is asked to produce
5 conjectures.

Conditions. We compare five context conditions;
prompts for each are in A.10.

* Zero-shot. The model sees only the prede-
cessor theorem and relies on its parametric
knowledge. This is a no-context baseline.

» Citation graph. The model additionally
sees the predecessor’s incoming and outgo-
ing citations. This is a comparable tempo-
ral knowledge-graph baseline, since citation
graphs are already used for research-related
tasks (Valenzuela et al., 2015b).

¢ Reduce-only (ablation). The model sees the
predecessor and the canonical forms of its

CEG neighbors, but without edges. This iso-
lates the utility of structured, comparable rep-
resentations of related theorems.

* Compare-only (ablation). The model sees
the predecessor together with the typed edge
schema and the names of edge types incident
to it, but without the contents of neighboring
theorems. This isolates the contribution of the
evolutionary edge information.

* CEG. The local neighborhood of the predeces-
sor in the CEG: neighboring canonical forms
together with their typed evolutionary edges.

The two ablations are intended to disentangle
the contribution of the Reduce and Compare stages:
Reduce-only retains the nodes but removes the
typed edges, and Compare-only retains the edge
schema but removes the node contents.

Models. We run each condition on 4 fron-
tier models spanning open and closed weights:
gpt-5.4 (OpenAl), gemini-2.5-pro (Google),
claude-opus-4-7 (Anthropic), and the open-
weights deepseek-v3.2. All models are run with
temperature = (0.7 where the API supported it
(gpt-5.4 was run at the provider’s default), max
output = 16,000 tokens, and k£ = 5 conjectures
sampled per predecessor.

Evaluation. We evaluate each generated conjec-
ture against the actual published follow-up work
that cites the predecessor theorem, treating similar-
ity to real follow-up work as a proxy for whether
the conjecture is interesting and plausibly true, in
line with prior work (Wang et al., 2026). For
each predecessor, we retrieve its follow-up pa-
pers from the Semantic Scholar citation graph
and, for each generated conjecture, ask a judge
model whether the conjecture is substantively sim-
ilar to any of them. We use an ensemble of 3
judge models (gpt-5.4, claude-opus-4-7, and
gemini-2.5-pro); a conjecture is counted as a
match only if a majority of judges agree.

In pilot experiments, both binary (yes/no) and
Likert-scale judgments were noisy. LLM judges
either clustered near the midpoint or over-rewarded.
We therefore adopt a three-point scale: 3 (substan-
tively similar to a follow-up paper), 2 (related in
subject matter but not in substantive content), and
1 (not similar at all). Our primary metric is the
3 rate per condition, computed as the fraction of
citing follow-up papers for which at least one of
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Figure 3: Fraction of citing follow-up papers for which
at least one of the k£ = 5 generated conjectures is judged
3 by a majority of judges as being similar to published
work for each context condition, broken down by model
and averaged across the test set of 50 predecessor theo-
rems.

the k£ = 5 generated conjectures is judged 3 by a
majority of judges, averaged across predecessors
and models. Full prompt in A.11. Results from an
expert validation of the LLM judges in A.12.

4.2 Results

Figure 3 reports, for each generator x condition
cell, the fraction of published follow-up papers for
which at least one of the & = 5 generated con-
jectures is judged by the majority of an ensemble
of three LLM judges to be substantively similar.
CEG-augmented prompting outperforms the base-
lines (averaged across models: 13.8% for CEG
vs. 9.5% for the citation graph, 9.1% for Reduce-
only, 8.4% for Compare-only, and 8.0% for zero-
shot). A paired bootstrap over predecessors (re-
sampling within each model, pooled across all four
generators, n=193 paired observations) places the
mean CEG-Citation graph gap at +4.35 percent-
age points with a 95% CI of [+2.18, +6.56], and
a Wilcoxon signed-rank test rejects the null of no
improvement at p ~ 1.2 x 1075 (two-sided). The
CEG vs. Reduce-only, Compare-only, and Zero-
shot contrasts are all significant at p < 10~ (see
Appendix A.13 for per-model breakdowns).

4.3 A case study

We also conducted a case study in which two prac-
ticing math professors each rated 5 citation-graph-
augmented conjectures and 5 CEG-augmented con-
jectures on 5-point Likert scales for “interesting”
(as in, interesting direction for future work) and
“plausibly true.” Aggregating across the two raters
(n = 10 per condition), CEG conjectures scored
higher than baselines on both axes: 2.50 vs. 1.70
for interestingness and 3.40 vs. 2.89 for plausibil-

ity. The gain is more pronounced on interestingness
(40.80) than on plausibility (40.51), suggesting
that the CEG might help the model surface novel
directions of inquiry rather than produce more cor-
rect claims. That the expert ratings move in the
same direction as the LLM-judged results provides
a small but consistent corroboration of the auto-
mated evaluation.

5 Discussion

If the reduce—compare pipeline is robust at scale,
CEGs offer something other knowledge representa-
tions cannot: a typed, claim-level account of how
knowledge develops. We see three promising uses.
First, surfacing field-aligned candidates for future
work: a model that can see how a result has been
generalized, strengthened, and reformulated has
a better basis for proposing the next move. Sec-
ond, navigating a literature through evolutionary
pathways rather than untyped citation links. A
CEG path describes an argumentative trajectory,
not just co-occurrence. Third, decomposing influ-
ence into many rankings, one per edge type, which
Section 3.3 shows diverges from citation count.

We instantiated CEGs on algebraic geometry be-
cause the unit of evolution is discrete and finite.
Fuzzier domains (legal precedent, clinical guide-
lines, scientific literature beyond mathematics) will
require tailored canonical forms, richer schemas,
and careful reliability studies. How the reduce-
compare pipeline should be tweaked to yield requi-
site structure under those conditions is an empirical
question we leave open.

6 Limitations

This study has a number of limitations. Our evalua-
tion uses LL.M-as-a-judge, with similarity to pub-
lished follow-up work as a proxy for whether a con-
jecture is interesting; both introduce error that the
expert validation and case study only partially off-
set. Our pipeline also depends on LLMs at both the
Reduce and Compare stages, so extraction errors
at either stage propagate downstream. Moreover,
our work does not independently validate CEG con-
struction quality at the scale used for evaluation.
Finally, our instantiation covers one domain and
one unit of evolution (theorems in algebraic ge-
ometry); transfer to other settings would require
domain-specific choices we do not evaluate here.



7 Ethical Considerations

CEGs might introduce new failure modes once
deployed. Mislabeled edges can overstate prece-
dence or novelty, and because the Compare stage
retrieves candidate pairs by embedding similarity,
recommendations grounded in a CEG could steer
researchers toward popular lines of work surfaced
by embeddings rather than the genuinely novel di-
rections a CEG is intended to support. Transparent
uncertainty estimates, human-in-the-loop valida-
tion of high-stakes edges, and provenance visual-
izations are appropriate near-term mitigations.

8 Conclusion

We argue that knowledge-extending tasks call for a
representation organized around evolution, and we
introduce the Conceptual Evolution Graph (CEG):
a graph where nodes are concepts and edges en-
code how they build on one another, together with
a reduce—compare pipeline for constructing one.
Instantiating the pipeline on 1,213 mathematics
papers, we show that CEG-augmented in-context
learning outperforms a citation-graph baseline and
both stage-wise ablations on conjecture generation.
CEGs are a first step toward representing knowl-
edge in a way that supports the broader class of
knowledge-extending tasks.
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A Appendix

A.1 Use of artifacts

All source data used in this work is publicly avail-
able: arXiv papers are distributed under their
authors’ chosen licenses (typically arXiv’s non-
exclusive license or various Creative Commons
licenses), the Semantic Scholar Academic Graph
API is used in accordance with its terms of ser-
vice, and the OPENCONJECTURE and ARXIV-
MATH benchmarks are publicly released by their
authors. We use commercial LLM APIs (OpenAl,
Google, Anthropic) in accordance with their re-
spective terms of service. The CEGs constructed
in this work will be released under CC-BY-4.0 for
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research use. Our use of existing artifacts is consis-
tent with their intended use: arXiv papers are pub-
licly disseminated for scientific use, the Semantic
Scholar API is provided for research, and OPEN-
CONJECTURE and ARXIVMATH are research
benchmarks. The CEGs we construct are derived
from research literature and intended for research
use only; they are not appropriate for non-research
contexts.

A.2 Personally Identifying Information and
Offensive Content

Source data consists of publicly available arXiv
mathematics papers; author names appearing in
these papers are public attributions on published
academic work and not considered personally iden-
tifying information in the sense of sensitive per-
sonal data. We did not identify offensive content
in our source data, which is consistent with the na-
ture of mathematical research papers. For the case
study in Section 4.3 involving two mathematicians,
individual ratings are reported only in aggregate.

A.3 Models and Computational Budget

We use commercial LLM APIs for all gener-
ation and judgment tasks: OpenAl gpt-5.1
and gpt-5.4, Google gemini-2.5-pro, An-
thropic claude-opus-4-7, and the open-weights
deepseek-v3. 2. Parameter counts for the closed
models are not publicly disclosed. CEG construc-
tion over the 1,213 papers required approximately
1,213 Reduce calls (one per paper, on the full IXTEX
source) and approximately 47,300 Compare calls
(one per candidate cross-paper pair surfaced by
the embedding retrieval), in addition to approxi-
mately 6,500 abstract-relatedness filter calls during
the crawl. We estimate this consumed on the or-
der of ~ 350M input tokens and ~ 55M output
tokens, at an approximate API cost of ~ $2,500.
The conjecture generation experiments consumed
approximately 200M tokens across 1,000 genera-
tion calls (50 predecessors x 4 models x 5 condi-
tions) and 3,000 judge calls (3 judges per genera-
tion), at an approximate cost of ~$1,200. Embed-
ding (OpenAl text-embedding-3-small, 1,536
dimensions) and HNSW retrieval ran on a single
workstation (M1 Macbook Pro with 32GB RAM).

A.4 Instructions for Human Raters

Two practicing mathematics professors served as
raters in the case study described in Section 4.3.
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Each was shown a predecessor theorem and 10 can-
didate conjectures (5 generated with citation-graph
context and 5 generated with CEG context, pre-
sented in randomized order with condition labels
removed). They were asked to rate each conjecture
on two 5-point Likert scales:

* Interestingness (1-5): “How interesting is
this conjecture as a direction for future work
in your field?”

¢ Plausibility (1-5): “How plausibly true does
this conjecture seem to you?”

Raters were informed that the conjectures were
generated by LLMs under different context con-
ditions, that their individual ratings would be ag-
gregated and reported in research output, and that
no personally identifying information about them
would be shared. Both mathematicians were re-
cruited through the authors’ professional contacts
at a university mathematics department. They par-
ticipated voluntarily as part of an ongoing research
collaboration and received no monetary compensa-
tion.

A.5 Use of Al

We use Generative Al in this project. We use
Claude Code to help implement experiments and
Claude and Gemini to help refine paper writing.

A.6 Implementation Details of ‘“Reduce”
A.6.1 Pipeline

The reduce stage proceeds in three steps:

1. For each  paper, we  download
the arXiv PDF directly from
https://arxiv.org/pdf/{arxiv_id}.pdf
(using the legacy /pdf/{category}/{id}
URL for pre-2007 identifiers). All downloads
are cached on disk by arXiv id so that re-runs
are deterministic.

2. We extract raw text from the PDF with
pdfplumber (Singer-Vine, 2026). Pages are
concatenated with newline separators and the
full extracted text is passed to the next step
without truncation; we found that truncating
to a fixed character budget routinely cut off the
main theorem or its supporting lemmas, espe-
cially in algebraic geometry papers where the
main theorem may appear after 5—10 pages of
background.
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3. The full extracted text is fed to a single LLM
call (gpt-5.1, temperature=0.0) with the
prompt in Figure 4, which asks for (i) the
paper’s main theorem as a complete LaTeX
statement, and (ii) every definition, lemma,
proposition, and corollary the main theorem
depends on (directly or transitively), each
tagged with a list of ids of the other nodes it de-
pends on. The response is parsed as JSON and
validated against the schema implied by the
prompt (the main theorem must exist, every
depends_on id must reference a node defined
in the same response, and the resulting graph
must be acyclic).

A.6.2 Prompt

Figure 4 shows the prompt used. The two interpo-
lated fields, {paper_title} and {paper_text},
are filled with the arXiv title and the pdfplumber-
extracted text respectively. We instruct the model
to output a full LaTeX statement for the main theo-
rem and one-sentence summaries for all supporting
nodes; this asymmetry was chosen so that the main
theorem can be re-rendered faithfully in the com-
pare stage while supporting nodes remain compact
enough to embed and compare without exhausting
context windows.

A.6.3 Some notes on our design choices

» Roughly 20% of our algebraic-geometry cor-
pus has the main theorem stated after page
4. Truncating the LLM input to a fixed token
budget caused a measurable drop in extraction
success; we therefore pass the entire PDF text
and rely on the LLM’s long-context handling.

* We do not split the paper into chunks. The
DAG structure relies on the model seeing ev-
ery supporting lemma in the same context as
the main theorem; chunking messes with the
dependency relations.

» Extraction is deterministic per arXiv id at
temperature=0.0 up to LLM nondetermin-
ism; cached JSON outputs are reused across
all downstream experiments to ensure that
compare-stage results are not confounded by
extraction noise.

A.7 Implementation Details of “Compare”
A.7.1 Pipeline

The compare stage works in three steps:



1. Every reduced entity (main theorem
plus every supporting node from Sec-
tion A.6) is embedded with OpenAl’s
text-embedding-3-small model (1,536
dimensions). The string that is embedded
is the concatenation of the entity’s name,
formal statement, assumptions, and
proof_sketch in that order, separated by
newlines. We embed full statements because
the typed-edge classifier needs access to the
mathematical content of both sides of the
edge.

Embeddings are inserted into an
hnswlib (Malkov and contributors, 2026)
index (space=12, ef_construction=200,
M=16). For each entity we query the index
for its nearest neighbors under L2 distance
(equivalent to cosine similarity on the
unit-norm OpenAl embeddings), excluding
self-matches. To avoid spending LLM calls
on obvious non-matches, we discard any pair
whose cosine similarity is below 7 = 0.7.

Every resulting pair is passed to an LLM
(gpt-5.1, temperature=0) with the prompt
in Figure 5. The prompt fills in the
names, statements, assumptions, proof ap-
proaches, and surrounding paper context
for both claims and asks the model to
(i) decide whether the later claim mean-
ingfully depends on the earlier one and
(i1) if so, choose exactly one of the 13
typed-edge categories defined in the prompt
(plus a 14th “none” option). The response
also includes a dependency_strength field
(strong/moderate/weak/none) and a free-
text explanation and evidence pair so
we can audit individual edges. We retain
only edges with has_dependency=true and
dependency_strength>moderate.

A.7.2 Prompt

Figure 5 has the prompt we used. The fields
{theorem1_x} and {theorem2_x7} are filled with
the reduced-form fields of the older and newer
theorem respectively; {theorem2_context} is a
short excerpt of the surrounding text (paper title
+ abstract) of the newer entity’s paper, which we
found materially improved the model’s calibration
ondirect_invocation vs. analogy.
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A.7.3 Some notes on our design choices

* We chose text-embedding-3-small (1,536
dims) because the embedding is only a coarse
retriever. The LLM outputs the actual edge
type, so the model only needs to keep true
neighbors in the top-£, not rank them perfectly.
At this role, 3-small is roughly 6 x cheaper
per token than text-embedding-3-large
(3,072 dims) and is sufficient for k-NN over
the few hundred to few thousand entities in
each CEG.

* We swept 7 € {0.5,0.6,0.65,0.7,0.75} on
a held-out slice of one of our corpora and
chose the threshold that maximized agreement
between the LLM’s has_dependency=true
rate and a hand-annotated ground truth on 5
pairs. Above 0.7 recall drops sharply; below
0.7 the LLM call rate balloons without pro-
portional precision gain.

* We instruct the LLM that Theorem 1 is the
candidate predecessor and Theorem 2 is the
candidate successor; the typed edge is added
with this directionality. When the two entities
are from different papers, the predecessor /
successor assignment is given by arXiv pub-
lication year; ties are broken by submission
date.

* Both embedding and pairwise-comparison
results are cached on disk by entity-pair
id, so the compare stage is deterministic
across reruns up to LLM nondeterminism at
temperature=0 and can be extended with
new entities.

A.8 Abstract-Level Filter Prompt

To make the BFS over citations tractable, before
any theorem-level comparison we run a lightweight
abstract-level filter on each candidate paper—paper
edge. Given the title and abstract of both the
cited paper (parent) and the citing paper (candidate
child), the filter decides whether the citing paper’s
results plausibly depend on the cited paper’s at the
theorem level (rather than merely citing it for back-
ground or motivation). Only paper—paper pairs that
the filter accepts proceed to the reduce stage and
theorem-pair comparison. The exact prompt is re-
produced in Figure 6; it is called with gpt-5.4,
temperature=0.



Edge type

direct_invocation
specialization
domain_extension
generalization
reformulation

proof_technique_transplant

abstraction_unification
conclusion_strengthening
alternative_proof
counterexample_tightness

analogy
assumption_weakening
lemma_incorporation

Description Frequency
step in proving new result 67.3%
narrower case of result 10.0%
applied in new setting 4.6%
broader case of result 3.5%
same result, restated 3.3%
proof method borrowed 3.1%
unified under common frame 2.6%
conclusion tightened 2.6%
different proof, same result 1.0%
bound shown tight 0.8%
structural parallel only 0.5%
hypothesis relaxed 0.3%
sub-lemma reused 0.2%

Table 1: Frequency of each edge type across CEGs we constructed in mathematics literature.

A.9 Instantiating Reduce—Compare on
Algebraic Geometry Literature

Reduce. For each paper in a source set, we
prompt an LLM (gpt-5.4) ! with the paper’s full
I4TEX source and instruct it to extract the central
theorem together with the helper lemmas and def-
initions on which it depends, returned as a self-
contained DAG (prompt in Figure 4). This DAG is
the canonical form to represent each entity in this
CEG.

Compare. We embed each DAG
with  an embedding model (OpenAl’s
text-embedding-3-small) using the concatena-
tion of theorem name, statement, assumptions,
and proof approach as the textual basis, and retain
candidate pairs from the nearest neighbors per
node by cosine similarity (HNSW index). For
each of these pairs, we prompt an LLM (gpt-5.4)
to judge whether one theorem is a meaningful
extension of the other, enumerating ways that
these nodes can be related through a schema drawn
from prior work on mathematical development
(Isaacson, 1978; Pdlya, 1990; Kitcher, 1984;
Thurston, 2006; Corfield, 2003) (prompt in
Figure 5). The model returns an edge type which
is added to the CEG. Across the three CEGs we
extract 1,128 main theorems from 1,213 papers,
connected by 285 main-theorem-to-main-theorem
edges (and 1,255 edges in total when lemma- and
proposition-level dependencies are included).

A.10 Conjecture-Generation Prompts

For each of the five context conditions described
in Section 4.1, the following templates are filled

'Note that earlier runs used GPT-5.1; we switched to
gpt-5.4 upon its release.
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at runtime with the predecessor theorem and any
associated structured context, then sent verbatim
to the conjecture-generation model. The five tem-
plates share the same task framing and the same
output contract (a JSON list of k bare mathemati-
cal statements) so that the only difference between
conditions is the structured context provided.

A.10.1 Zero-shot

A.10.2 Citation graph

A.10.3 Reduce-only (ablation)

A.10.4 Compare-only (ablation)

A.10.5 CEG (ours)

A.11 Judge prompt

Each judge model receives the prompt
below, with {predecessor_statement},

{conjectures_block}, {papers_block},
{k} (number of generated conjectures), and {n}
(number of citing follow-up papers) substituted in.
The judge returns a single JSON object containing
a k x n matrix of integer scores in {1, 2, 3}, which
we then aggregate across the three judges by
per-cell median (equivalent to majority vote, since
judges are odd and scores are integer).

You are an expert research mathematician.
Below you will see:

- A PREDECESSOR
published paper.

- {k} CANDIDATE CONJECTURES proposed
as plausible follow-up directions to the
predecessor.

- {n} PUBLISHED PAPERS that cite the
predecessor (papers written after the
predecessor that referenced it).

theorem from a

Your task is to rate, for each
(conjecture, citing paper) pair, how
well the conjecture aligns with the
actual research direction taken in that
citing paper.



Scoring rubric:

1 — No meaningful relationship. The
conjecture and the paper are about
different things, or share only a broad

area name.

2 — Same area, but the paper
addresses related-but-distinct
questions or directions. There’s

topical overlap without alignment on
what is proved/proposed.

3 — Strong alignment. The paper
substantively addresses what the
conjecture proposes, or directly proves
it (or a clear variant of it).

When in doubt between 2 and 3, prefer

2. Reserve 3 for cases where the
paper actually does what the conjecture
proposes.

PREDECESSOR THEOREM

{predecessor_statement}

CANDIDATE CONJECTURES (k = {k3})

{conjectures_block}

CITING PAPERS (n = {n})

{papers_block}

TASK

Produce an alignment score for every
(conjecture, citing paper) pair. Return
a single JSON object of this exact shape:

{

"scores”": [
e 1, "t 1, "s": 23,
DT 2, "s'io13,

{"c": 1
(e k3, e ), s 1)
]
}

Include exactly {k} X {n} entries — one
per (conjecture, paper) pair.

n_n

- "c¢" = conjecture index (1-indexed,
matches the [C{i}] labels above)

nan

- p = paper index (1-indexed,
matches the [P{j}] labels above)

nan

- "s" = score in {1, 2, 3}

No commentary outside the JSON.

A.12 Validation of LLM judges

To check whether the LLM-judge ensemble is a rea-
sonable proxy for expert judgment, we sampled 15
randomly selected (conjecture, citing-paper) pairs
spanning all four generator models and all five con-
ditions, and asked a practicing mathematician to
score each pair under the same {1, 2, 3} rubric de-
scribed in subsection A.11. One pair was skipped
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by the expert (the generated conjecture statement
was ill-formed and could not be adjudicated), leav-
ing 14 scored pairs.

Table 2 reports agreement between the expert
and the ensemble. The ensemble achieves 92.9%
within-+1 accuracy and a mean absolute error of
0.57 on the 1-3 scale. On the headline binary ques-
tion “is this a 3?”, the ensemble achieves perfect
recall (4/4) but precision of only 0.57 (4/7): every
conjecture the expert judged substantively similar
to a follow-up paper was also flagged by the en-
semble, but the ensemble additionally flagged three
pairs the expert rated 1 or 2.

Agreement metric Value (n=14)

Exact match 50.0% (7/14)
Within +1 92.9% (13/14)
Mean absolute error 0.57
Precision on “3” 0.57 (4/7)
Recall on “3” 1.00 (4/4)

Table 2: Agreement between the three-judge LLM en-
semble and a practicing mathematician on 14 randomly
sampled (conjecture, citing-paper) pairs.

A.13 Effects of Conjecture Generation Task

For each generator x predecessor cell we record
the per-predecessor fraction of follow-up papers
matched (Figure 3), then pair these observations
across conditions by predecessor and pool across
generators. We compute a paired bootstrap 95%
confidence interval on the mean paired differ-
ence (10,000 resamples, resampling (predecessor,
model) units with replacement) and a Wilcoxon
signed-rank test of the null hypothesis Hy: E[A] =
0.

Section 3 reports the pooled and per-generator
contrasts. The CEG vs. citation-graph com-
parison is significant in three of four gen-
erators individually (gpt-5.4, deepseek-v3.2,
and claude-opus-4-7) and in the pooled test;
gemini-2.5-pro on its own is not significant
(p = 0.29), but its directionally positive effect con-
tributes to the pooled result.



Generator n A (pp) 95% CI p

gpt-5.4 50 +5.61  [+1.76,49.76] 0.013
gemini-2.5-pro 43 +1.29 [-3.19,+5.63] 0.288
deepseek-v3.2 50 +4.03  [-0.28,+8.59] 0.031
claude-opus-4-7 50 +6.03 [+1.54,+10.31] 0.002
Pooled 193  +4.35 [+2.18,+6.56] 1.2x10°°

Table 3: Paired-bootstrap CIs and Wilcoxon signed-
rank tests (two-sided) for CEG vs. citation graph, paired
by predecessor and pooled across the four generator
models. Three of four per-generator contrasts and the
pooled test are significant.

16



Extract the main theorem from this paper along with ALL definitions, lemmas, and propositions
needed to fully understand it, structured as a dependency DAG.

Instructions:

1. Identify the paper's MAIN THEOREM (primary contribution).

2. Trace backwards to find every definition, lemma, proposition, and corollary that the main
theorem depends on -- directly or transitively.

3. For each supporting statement, also identify THEIR dependencies within the paper.

For the MAIN THEOREM, provide its full complete statement in LaTeX.

For all SUPPORTING nodes, provide a concise one-sentence summary in LaTeX (not the full
statement -- keep it short).

Paper Title: {paper_title}

Paper Text: {paper_text}

Return as JSON:

{
"main_theorem”: {
"id": "thm_1.1",
"name"”: "Theorem 1.1",
"statement”: "Full complete statement of the main theorem in LaTeX."
}!
"dependencies”: [
{
"id": "def_2.1",
"type"”: "definition",
"name”: "Definition 2.1",
"summary"”: "One-sentence summary: a stability condition on $\mathcal{D}$ is a pair
$(Z, \mathcal{P})$ satisfying...",
"depends_on": []
3
{
"id": "lemma_3.4",
"type"”: "lemma",
"name”: "Lemma 3.4",
"summary”: "Harder--Narasimhan filtrations exist uniquely for any stability condition.”,
"depends_on": ["def_2.1"]
}
]
}
Important:
- Return ONLY valid JSON, no preamble or explanation.
- The main theorem statement must be COMPLETE -- full hypotheses and conclusions in LaTeX.

- Supporting node summaries should be SHORT (1-2 sentences). Do NOT reproduce full statements
for supporting results.

- Use LaTeX for all math: $...$ for inline, \[...\] for display. Reconstruct proper notation
from the raw text.

- Include ALL transitive dependencies -- if lemma A depends on definition B, include both.

- "depends_on” lists the ids of other nodes in this DAG that this node requires.

- If the paper has multiple main results, choose the most central one.

Figure 4: Prompt used in the reduce operation of CEG pipeline.
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Analyze whether Theorem 2 significantly relies on or was influenced by Theorem 1.

THEOREM 1 (the earlier result, potentially depended upon):
Name: {theoreml_name}

Statement: {theoreml_statement}

Assumptions: {theoreml_assumptions}

Proof approach: {theoreml_proof}

THEOREM 2 (the later result, potentially depending on Theorem 1):
Name: {theorem2_name}

Statement: {theorem2_statement}

Assumptions: {theorem2_assumptions}

Proof approach: {theorem2_proof}

Context from Theorem 2's paper: {theorem2_context}

Determine if Theorem 2 SIGNIFICANTLY RELIES ON or was INFLUENCED BY Theorem 1.

Classify the relationship using EXACTLY ONE of the following dependency types. These categories are
derived from the mathematical philosophy literature (Lakatos 1976, Polya 1954, Gomez-Ramirez 2020,
Kitcher 1983, Thurston 1994, Corfield 2003).

DEPENDENCY TYPES:

1. "generalization” -- Theorem 2 broadens the scope of Theorem 1 to a wider class of objects.

2. "specialization” -- Theorem 2 restricts Theorem 1 to a particular case, obtaining sharper results.

3. "assumption_weakening"” -- Theorem 2 proves a similar result under strictly weaker hypotheses.

4. "conclusion_strengthening” -- Theorem 2 achieves a stronger conclusion under similar hypotheses.

5. "domain_extension” -- Theorem 2 transplants Theorem 1 into a new mathematical setting.

6. "proof_technique_transplant” -- Theorem 2 reuses Theorem 1's proof method in a new context,
without directly invoking Theorem 1's statement.

7. "direct_invocation” -- Theorem 2's proof directly cites or uses Theorem 1 as a lemma or step.

8. "analogy"” -- Theorem 2 is a morally similar result in a different mathematical domain.

9. "abstraction_unification” -- Theorem 2 abstracts away domain-specific details from Theorem 1,
unifying them in a more general framework.

10. "counterexample_tightness” -- Theorem 2 shows Theorem 1's result is sharp / bounds are tight.

11. "reformulation” -- Theorem 2 restates Theorem 1 in a different mathematical language.

12. "lemma_incorporation” -- Theorem 2 corrects or refines Theorem 1 by making a hidden
assumption explicit or fixing a gap.

13. "alternative_proof"” -- Theorem 2 proves the same result via a fundamentally different method.

14. "none” -- No significant dependency or influence.

A significant reliance means at least one of:

- Theorem 2's proof directly uses Theorem 1 as a key step or lemma

- Theorem 2's statement builds upon, generalizes, refines, or extends Theorem 1

- Theorem 2's assumptions or conclusions modify or incorporate Theorem 1's results
- Theorem 2 reuses Theorem 1's proof strategy in a new setting

- Theorem 2 demonstrates the sharpness or limitations of Theorem 1

Do NOT consider it a dependency if:

- The theorems are merely about similar or related topics

- They share standard techniques (e.g., both use Zorn's lemma) without deeper connection
- They are in the same field but are independent results

- One is vaguely "inspired by" the other without traceable mathematical influence

Return as JSON:

{
"has_dependency"”: true/false,
"dependency_type": "<one of the 14 types above>",
"dependency_strength”: "strong” | "moderate” | "weak"” | "none",
"explanation": "Detailed explanation in LaTeX of how Theorem 2 depends on or was influenced
by Theorem 1. Be specific: which assumptions changed? Which proof steps
were reused? What was generalized and how?”,
"evidence"”: "Specific quotes or references from Theorem 2 in LaTeX demonstrating the dependency.”
}

Be precise and mathematical. Only mark as dependency if there is clear evidence of actual
mathematical reliance or influence, not just topical similarity.

Figure 5: Prompt used in the compare stage to classify a candidate ordered pair (Theorem 1 = earlier, Theorem 2 =
later).
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You are an expert in mathematical research, specifically algebraic geometry and related fields.

Given the abstracts of two papers, determine whether the CITING PAPER builds upon the CITED PAPER at
the theorem level. Specifically, determine whether the citing paper contains results (theorems,
lemmas, propositions) that mathematically depend on, generalize, extend, or apply results from the
cited paper.

CITED PAPER (seed/parent):
Title: {cited_title}
Abstract: {cited_abstract}

CITING PAPER (candidate):
Title: {citing_title}
Abstract: {citing_abstract}

A theorem-level dependency means:

1. The citing paper proves a theorem that generalizes or extends a result from the cited paper.

2. The citing paper uses a theorem from the cited paper as a key step in its own proofs.

3. The citing paper's main results build upon the mathematical framework established by the
cited paper.

4. The citing paper applies theorems from the cited paper to new settings or problems.

Do NOT consider it a theorem-level dependency if:

- The citing paper merely references the cited paper for background or motivation.

- The papers share a topic but their results are mathematically independent.

- The citing paper only uses definitions or notation from the cited paper without depending
on its theorems.

- The relationship is purely historical or inspirational.

Return as JSON:

{

"has_theorem_dependency”: true/false,

"confidence”: "high" | "medium” | "low",

"explanation”: "Brief explanation of why this is or is not a theorem-level dependency”
}

Be precise. Only mark as having a theorem-level dependency if the abstract provides clear evidence
of mathematical reliance on the cited paper's results.

Figure 6: Exact prompt used for the abstract-level filter during BFS expansion. The fields {cited_title},
{cited_abstract}, {citing_title}, and {citing_abstract} are interpolated with arXiv-fetched meta-
data. We accept the candidate edge if the LLM returns has_theorem_dependency=true with confidence
€{high,medium}; low-confidence positives are discarded.
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You are an expert mathematician working in a specialized subfield. You will be shown a theorem
from a paper, with no additional context.

You will propose {k} conjectures which are open mathematical statements that another paper might
plausibly pursue as a next step from the predecessor theorem.

PREDECESSOR THEOREM

This is the predecessor theorem you are to extend:

{statement}

TASK

Reason only from the statement of the predecessor theorem shown above. Do not rely on any prior
context, outside knowledge, or recollection of papers, results, or follow-up work you may have
seen during training. Treat the theorem as if it is the only thing you know about its area.

Propose {k} conjectures that could plausibly be the next theorem to follow from the predecessor.
Each conjecture should be a precisely-stated open mathematical statement that another paper might
pursue.

Each conjecture should be a bare mathematical statement -- no titles, labels, numbering, or
preamble. Do not begin with "Conjecture N:" or similar.

Return a JSON list of exactly {k} strings. No commentary outside the JSON.

Figure 7: Zero-shot prompt template. The model sees only the predecessor statement and is explicitly instructed to
avoid drawing on outside knowledge.
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You are an expert mathematician working in a specialized subfield. You will be shown a theorem
from a paper, together with the bibliography of that paper -- each cited paper's title, year, and
abstract.

You will propose {k} conjectures which are open mathematical statements that another paper might
plausibly pursue as a next step from the predecessor theorem.

PREDECESSOR THEOREM

This is the predecessor theorem you are to extend:

{predecessor_statement}

PAPERS CITED BY THE PREDECESSOR'S SOURCE PAPER

The references below are the papers cited by the predecessor's source paper -- the intellectual
context the predecessor itself builds on.

{references_block}

TASK

Using everything above as context, propose {k} conjectures that could plausibly be the next
theorem to follow from the predecessor. Each conjecture should be a precisely-stated open
mathematical statement that another paper might pursue.

Each conjecture should be a bare mathematical statement -- no titles, labels, numbering, or
preamble. Do not begin with "Conjecture N:"” or similar.

Return a JSON list of exactly {k} strings. No commentary outside the JSON.

Figure 8: Citation-graph prompt template. The {references_block} field is filled with up to 30 references from
the Semantic Scholar /references endpoint, each rendered as title, year, and abstract.
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You are an expert mathematician working in a specialized subfield. You will be shown a theorem
from a paper, together with a set of related theorems retrieved from other papers in the same
area.

You will propose {k} conjectures which are open mathematical statements that another paper might
plausibly pursue as a next step from the predecessor theorem.

PREDECESSOR THEOREM

This is the predecessor theorem you are to extend:

{predecessor_statement}

RELATED THEOREMS FROM THE SURROUNDING LITERATURE

The {n_peers} theorems below were retrieved by similarity to the predecessor above. They are
included as context for the kinds of statements that appear in this area.

{peers_block}

TASK

Using everything above as context, propose {k} conjectures that could plausibly be the next
theorem to follow from the predecessor. Each conjecture should be a precisely-stated open
mathematical statement that another paper might pursue.

Each conjecture should be a bare mathematical statement -- no titles, labels, numbering, or
preamble. Do not begin with "Conjecture N:"” or similar.

Return a JSON list of exactly {k} strings. No commentary outside the JSON.
Figure 9: Reduce-only ablation prompt template. The {peers_block} field is filled with the top-k CEG-neighbor

predecessor theorems retrieved by cosine on the predecessor statement; their successors and the edge-type labels are
removed.
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You are an expert mathematician working in a specialized subfield. You will be shown a theorem
from a paper, together with a taxonomy of the kinds of mathematical moves by which a follow-up
theorem can extend a predecessor.

You will propose {k} conjectures which are open mathematical statements that another paper might
plausibly pursue as a next step from the predecessor theorem.

PREDECESSOR THEOREM

This is the predecessor theorem you are to extend:

{statement}

TAXONOMY OF MATHEMATICAL MOVES

These are the kinds of mathematical moves a follow-up theorem might make relative to its
predecessor:

{taxonomy_block}

TASK

Using everything above as context, propose {k} conjectures that could plausibly be the next
theorem to follow from the predecessor. Each conjecture should be a precisely-stated open
mathematical statement that another paper might pursue.

Each conjecture should be a bare mathematical statement -- no titles, labels, numbering, or
preamble. Do not begin with "Conjecture N:" or similar. Do not label which kind of move each

conjecture corresponds to.
Return a JSON list of exactly {k} strings. No commentary outside the JSON.
Figure 10: Compare-only ablation prompt template. The {taxonomy_block} field is filled with the names and

one-line descriptions of the 13 edge types in the CEG taxonomy (generalization, specialization, domain_extension,
etc.); no neighboring theorem statements are shown.
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You are an expert mathematician working in a specialized subfield. You will be shown a theorem
from a paper, together with the full local DAG of that paper (the other definitions, lemmas, and
theorems around it, and how they depend on each other), and several examples drawn from related
work in the same area. Each example shows a predecessor theorem (with the full local DAG of its
paper), the actual successor theorem that followed in the literature (with the full local DAG of
its paper), and the kind of mathematical move that linked them.

You will propose {k} conjectures which are open mathematical statements that another paper might
plausibly pursue as a next step from the predecessor theorem.

PREDECESSOR THEOREM

This is the predecessor theorem you are to extend:

{predecessor_statement}

{predecessor_dag}

EXAMPLES -- PREDECESSOR -> SUCCESSOR MOVES IN THIS AREA

The {n_examples} examples below are real predecessor / successor pairs in the same area, retrieved
by similarity to the predecessor above. Each pair has been classified by the kind of mathematical
move that linked them.

{examples_block}

TASK

Using everything above as context, propose {k} conjectures that could plausibly be the next
theorem to follow from the predecessor. Each conjecture should be a precisely-stated open
mathematical statement that another paper might pursue.

Each conjecture should be a bare mathematical statement -- no titles, labels, numbering, or
preamble. Do not begin with "Conjecture N:" or similar. Do not label which kind of move each
conjecture corresponds to.

Return a JSON list of exactly {k} strings. No commentary outside the JSON.

Figure 11: CEG (full) prompt template. The {predecessor_dag} field is filled with the predecessor’s local intra-
paper DAG (definitions, lemmas, propositions, all intra-paper dependency edges). The {examples_block]} field is
filled with k¢ retrieved predecessor-successor pairs, each rendered as: predecessor statement and DAG, successor
statement and DAG, the typed edge that linked them, and the LLM-written explanation from the corpus build.
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